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Abstract

A method to estimate the frequency of transmis-
sion overhauis is5 presented. This method is bSased
on the two-parameter Weibull statistical distribu-
tion for component life. A second method is
presented to estimate the number of replacament com-
ponents needed to support the transmissicn overnaul
pattern. The second method is based on renewal
theory. Confidence statistics are applied with
poth methods to improve the statistical 2stimate of
sample behavior. A transmission example is also
presented to illustrate the use of the methods.
Transmission overhaul frequency and component
replacement calculations are included in the
example.

Nomenclature

b Weibull slope
e base of the natural logarithm

F probability distribution function, probability
of failure

Fx ~ probability of at least k failures
f probability density function

Ln  natural logarithm

') life, hr

M renewal function

Me approximate renewal function

Nr  number of replacements

Q sample size

R probability of survival, (1 - F)

X integration time variable, hr

number of standard deviations from the mean
which cuts off a 10-percent population tail

r the gamma function
e characteristic 1ife, hr
u3 third moment of a probabiiity density functton

o standard deviation

Subscripts:

av averige or mean

f Weibul! function
i ingex
3 ingex

me approximate renewal function

n numper of components in system

r replacement function

5 system

10 90-percent reliability

30 90-percent confidence
Introduction

The in-flight service reliability of aircraft
transmissions is much greater than the design relia-
bility of their components. Transmission overhauls
provide the difference. By monitoring the onset of
potential transmission fatique failures, just-in-
time overhauls maintain the transmission economi-
cally.'-2 One cause for propulsion system overhauls
is the finite fatigue 1ife of drive system compo-
nents. The two-narameter Weibull distributicn
describes thg statistics of drive system bearing and
gear life.3-

Component reliabilities ang lives affect trans-
mission maintenance costs which are significant.
Estimates of these costs are important in the design
stage of a transmission.6 The two-parameter Weibull
distribution provides information on component reli-
ability and 1ife. It does not predict overhaul fre-
quency directly.

Two steps are required to convert component
Tife statistics into overhaul frequency values.
The first is the transmission system 1ife mode!l.
This model is a two-parameter Weibull distribution
for the transmission system life. 8 The second
step is renewal theory.

Renewal theory is a statistical model which
describes the maintenance cycle. The theory consid-
ers the ongoing sequence of: wuse, failure onset,
repalr, and return to use. For this sequence,
renewal theory predicts the frequency of component




replacement ana the number >Ff raplacements needgd
to support the ervice maintenance schegule.?-12

Configence thesrs :cmpiements these statistical
methoas ~ith 2¢timates of the iikelihood of cthe pre-
dictions. Higner confidence levels require more
spare parts_td cover a greater range of possible
situations. 10,11

The purpose of the research presented is to
provide a methodology for calculating transmission
1ife and the number of component replacements. The
paper presents the theories and applies them {0 a
simple transmission to illustrate their use. Esti-
mates of drive system and component lives and
replacement needs are essential in design. These
estimates provide a comparison of the relative worth
of different designs from a safety and maintenance
cost perspective. They also help assess the cost of
operating a proposed drive system.

Component Life and Reliability

The two-parameter Weibull distribution is com-
monly used to describe Tatigue 1ife data. It can
describe a wide variety of life patterns. The reli-
apility of a compcnent is the complement of its
probability of failure.

In statistics, reliability is a double nega-
tive. Reliability or the act of surviving is the
state of not having failed. Statistics count
direct events such as the act of failing. A part
can fail only once. It survives for its entire
life. Thus the prooability of failure is a direct
statistic. The probability of failure for the two-
parameter Weigul!l Jistribution is:

b

Py eB

F=1.9
where F is the probability of failure expressed as
a decimal, e 1is the base of the natural logarithm,
2 is the component life in million load cycles or
hours, © is the characteristic life in million load
cycles or hours, and b is the Weibull slope. The
two Weibull parameters are 9 and b.

The derivative of £q. (1) with respect to life
is the provability density function, f:

Faed (%}b-]e"ﬁle)b 2

The probability density function is a histo-
gram of life fatlures for a unit population. It
presents the scatter in the component lives.

The Weibull reliability function is often

expressed as:
EORCY

where R is the probability of survival (1 - F).

For a 90-percent probability of survival, R = 0.9

and 2 « 2y9. Solving for the characteristic life
gtves:

0. Ln(a%g)-]/balo (4

Figure 1 is a plot of the ratio of the cnarac-
teristic life to the 90-percent reliapility !*fe as
a function of the Weibull slope. Substituting 3
of Eq. (4) in Eg. (3) gives:

, \ .b
1 SN LY
lg) - (53)(a s

Equation (5) is the form used by manufacturers
to present the two-parameter Weibull gistributicn
characteristics of bearings.

In both Eqs. (3) and (5), the logarithm of the
reliability reciprocal is prcopertional to the iife
raised to the Weibull slope. Taking the logariznm
of either equation generates a straight line nlct
as shown in Fig. 2. The plot is a probabiiity graph
for the two-parameter Weibull distribution.

This graph aids in determining the distribu-
tion parameter values for fatigue test data.!4 The
plotted test data are the results of a series of
identical life tests for a sample set of identical
components. The first failure determines the high-
est reliability data point. The next failure deter-
mines the next lowest reliability data point, and
SO on.

The average life is the Mean Time to Failure
(MTTF). It is the sum of all times to failure
divided by the total number of the failures. The
total number of failures for a continuous probabil-
ity distribution is unity by definition. The sum
of all times to failure is the integrai of the
product of time or life and the probability density
function. The limits on the integral are from zero
to infinity. The average life is:

b, = MTTF Jo 2F(Q)d0. (6)

For a Weibull failure distributicn, the solu-
tion to this_integral involves the well known gamma
function, .15 The solution s the gamma function
multiplied by the characteristic life, 3.

]\
R, = MTTF - er(l 1) 20

Figure 3 is a plot of the ratio of the average
life to the 90-percent reliability tife as a func-
tion of the Weibull slope. The average life equals
the characteristic 1ife when b = 1.

The standard deviation of a failure distribu-
tion is:

12
,
op = [ jo -, f(u>cn] @

In terms of the characteristic 1ife, the Weibull
slope, and the gamma function, the standard devia-
tion of the two-parameter Weibull distribution is:

op = e[r(l . %) - rz(l . %)]1/2 9

The standard deviation of a distribution is a
measure of the scatter of the distribution. It is




valuable n estimating a configence limit for the
average life. Ffigure 1 is 31 olct of the ratio of
*he szancard deviation tO tne 3C-percent reliabil-
ity 1ife a3 a “unction of the vWeipull siope. At a
slope of o = !, the Weiopul! Jistribution is the
exponential Jistribution and has a large scatter.
is the slope incraases, the scatter decreases
rapidly.

System Life and Reliability

One mode! for the life of a drive system is the
strict series propability model.3 This model com-
pares a systam of load carrying gears and bearings
to a chain of links. A chain fails when any single
Yink fails. So too, a drive system requires repair
sahen any ccmocnent requires replacement or repair.
In the strict series probability model, the relia-
pility of a system, Rg, is the product of the relia-
S5iilities of all the components.

ao

The nigh speed of drive system components and
the scattering of loose debris warrant the strict
serias procapility model. [If any component fails,
1earis may be present which could damage other com-
ocrents. Therefore, a drive system requires an
osvarnaul tc return it to a high state of reliability
onca any 2'ement faiis.

Taking the lcgarithm of the reciprocal of
£g. (') and using £q. (5) for each component

sields:
n
(RUER 'QS)W
talz=1 = un{=s] 5 an
R 0.9/ :E ; (Qi]o/
fal

{117, 2¢ 15 the life of the entire drive
m for the system reliability, Rg. It is also
ltfe of each component at the same drive system
opitity, Rg. For _unsistency in Eq. (11), all
mponent lives must be defined in the same

The unit chosen is hours.
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tquaticn (11) is not a simple two-parameter
Weibuil reiationshio between system life and system
retiability. The eguation is a true two-parameter
Weigu!l distripution only when all the Weibull expo-
nents, 2;, are equal. In general, this is not the
case. Thus, R¢ as 1 function of 25 when plotted
such as in Fig. 2 may produce a curve rather than a
stratght line. A true two-parameter Weibull distri-
cution can be approcimated quite well, however, by
fitting tne curve using a least squares method.
The slope of the fitted straight line is the drive
system Weibull slope., bg. The life at which the
qrive system reliabtlity equals 90 nercent on the
straight line is 2410. The drive system two-
parameter Weibull relationship is then:

b
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1 R s
(L) . Ln(___\(__._)
(RS) 33T, 1,
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Renewa! Theory

In addition to scheduling maintenance perizgs,
a service procedure must also 2stimate tne numper
of replacement comgonents raquirea. Renewal <heory
adds the renewal function to the -tatistical :ools
for estimating repair. It estimates “ne numper >f
replacements as a function of a componen: Failure
distribution and its tife.9-11

Renewal theory assumes the replacement of
failed components when they fail. This models in
unending sequence of use and repair. Aircraft arive
system maintenance follows this pattern closely.

The renewal function results from i sequence of sta-
tistically predicted failures.

Consider the maintenance sequenc2. 'n a given
life period, any number of failures may occur. The
propability of at least one failure witnin a jis2n
tife from the start of operation is3:

FT(Q) = FLL) =

The probabiiity of at least z~C sequentiai
failures in the period is the protasiliz, of :wo
independent events. The first ccmpcre~t muss “ail.
Then a second component must begin its servica 'ife
at this failure 1ife and also fai'. The crooability
of naving at least two failures in thiz gericy ‘3

2
F () = j FLC - 0FGO )
0

2

In €g. (14), x i3 the time at which the First
failure occurs. This zan happen any time between
zero and 2. At « = ), the entirsa 1ife is avail-
able for the first failure provavility. The oroba-
bilities of the second failure and the compination
event are both zero. As x increases from zero to
L, the probability of the first failure happening at
time « decreases. The probability »f “he second
failure increases. At x = 2, the ertire lifa is
available for the second failure prcbapitity. The
probability of the first failure is zero. The orob-
ability of the cocmbined event is thus zero as well
at x = 2. The integral gefines a function for the
probability of at least two failures in the 1ife
period from zero to 2.

fquation (14) repaats indefinitely with
increasing subscripts. The probability of having at
least & failures in the period from zerc to L
is:

J :k-l(l - Of(x)dx 18
]

In £q. €19, Fx_1€(2 - «© is the orobability of nay/-
ing at least k - 1 faiiures in the pericd from zere
to 2 - «. The probabiiity of at least k failures
increases as the number of failures decrease. Also,
the more 1ife available for a faiiure, the greater
ts the chance that it ~ill occur.
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The mean number of failures is the infinite sum
cf the probabilities cf at least k “ailures in the
life period, 2. This tunction, M(2), i5 tha renewal
function. It is expresse?l as:

@©

M(Q) = EE% FK(Q) (16)

Eguations (15) and (16) yield the number of
replacements needed to support a maintenance sched-
uler The solution involves a large series of
convoiution integrals. The equations apply to any
failure distribution. However, the solution is not
easy to obtain. Figure 5 shows the renewa! function
for a component with a two-parameter Weibull reiia-
bility. The component 1ife has 8 = 5000 hr ang
b = 1.5. Tabulated solutions to the renewal func-
tion for the two-parameter Weibull gdistribution are
availaple. 11,

An approximation for the renewai function from
Ref. i0 is:
2 2
2 - g
M (L) = 53— R amn
av 22
av

The approximation accuracy increases as 2
increases. tquation (17) is an asymptote to the
exact renewal function for low-scatter distribu-
tions. for high-scatter distributions it approxi-
mates the renewai function closely.

The standard deviation of the renewal function
gives a measure of the scatter in replacement needs
from one sample to the next. Figure 6 is a plot of
the renewa! Ffuncticn standarcd deviation versus life
for a compcnent which has a two-parameter Weibull
reliability distribution. It has a characteristic
life of 5000 hr and a Weibull slope of 1.5.

The approximation for the standard deviation
of the renewa! function is:!

1/2
r2 2 2 ]
o Qav + °f\ 2 2 2u3
ome(ﬁ) = ;-—3—— 2« Tj(3ﬁav + Saf) - ;QTJ
av av av
18)

where u3 i3 the third moment of the life distribu-
ticn. For the twc-parameer Weibull distribution,
the third moment is:

by = j; 3fge - e3r(| . %) (19

Figure 7 is a plot of the ratio of the third moment
to the 90-percent reliability 1ife as a function of
the Weibull slope.

Confidence Statistics

In predicting replacement rates and maintenance
inventories, direct theory provides mean or average
estimates. These estimates come from the statistics
of a universal population (that is, an infinite
number of sampies). In any real situation, the

number of drive svstems under servic2 ‘3 3 limizea
sampie. Zonfidence statistics 2stimata how 285%ar-
antly 3 small sample may benave *->m ‘7: .niver:dl

populaticn. It uses the standar3d ev*it 7n 2f <4e
universal failure distrioution ang t7e :ampie zize
to estimate the mean of the sample.

For many samples of the same size, <he mean >f
the samples has a normal distributicn 3ocut the
overal!l mean. The standard deviation of the means
is:

20

Tay *

S

whera Q s the size of the zample.

The standard deviation of tne numper 3f
replacements is:

ar = YT e <

Also, the total number of replicamert: “or The
sampie is5:

Ny = QML) 122

In reliability predictions. the 'cwer zonfi-
denc2 bcung has much significance in aircrarfe
apolications. Systems that are less ra'iaple :nan
the average are important to identif, fir safety
and econcmical reasons. The :onfidenc2 c'stribu-~
tion estimates the mean !ife which ~ill ze lcwer
than the mean life of a chosen percentaje 27 1!
samples of a given size. This iife '3 “ess <han
the mean 1ife for the entire poputaticn. For 3
90-percent zonfidence:

Lav,90 = lav - 21093y k)

where 2zyg s the number of standari Zeviations
below the mean which cuts off 10 perzent f the
population. For a normal gistribution,

210 = 1.282.%.14 90 percent of the ncrmal 3Jistribu-
tion lTie above W3y g0 and 10 percent "‘e belcw

Lav,90-

With a 90-percent confidence that *he replac2-
ments will be less, the replacement estimate fcr a
component from zero to Tife 2 is:

Nr.90 = Nr + Zygor e

Since the behavior of samples Jiffers from the
behavior of the "ideal" distribution, zonfidence
estimates are helpful. With the confizence esti-
mates. ¢ne can see during the design snase the
effects of sample size on the life and ~eriacement
estimates.

txample
Mean Life

Consider the single mesh transmissicn shown 'n
Fig. 8. Assume the 90-percent reliability lives for
the bearings and gears are given as those sinown in
Table 1. Also assume a Weibull slope of 1.2 for the
bearings and 2.5 for the gears. It is desired to
determine the transmission mean life with 9Q-percent
confidence for a fleet of Q = S50 aircrart.




From E3. 7Y or Fig. 3, the iverage 'ives were

determined €3r 2acn Iomponent. Srem 3. ) or
Fig. 1, =ne :zindar3d zeviationg For eacn :component
were etermineg.  The rasuits ire inown in Tipia 1.

The <ransmissicn system 30-percent reliapility
life was zetermined 2ased ¢n the Iomponent lives
using £gs. <11y ang (12). Fitting E£g. (12) to
Eq. (11) for rhis data sields a two-parameter
Weibull slope of bg = 1.57 for <he transmission.
The system 3J0-percant ~eliability life is
'),S]O = 1060 nr. Foom B3 Wd) or :‘.g. !, the ftrans-
mission characteristic life is 9 = 444C ~r. From
Eg. (7) or Fig. 3, the transmission average 'ife
is 13y = 2990 nr. From Eq. (9) or Fig. 2, tne
standara gJeviation 2f the transmission life is
7¢ = 2600 hr. Taple ! includes these ~asult®s.

Aith this data, one can #stimate the overhaul
frequency for a fleet of similar 1ircraft. The mean
life of 3 small samole of aircraf: could be lower
than that for an infinita2 population of air:raft.
Confidence statistics estimate “he sample properties
f-em the universal properties.

Let us estimate tne overhaul frequency for
the fieet which use these transmissions with a
30-percent confidence that the fraguency is lower.
Frem Egq. (20), the standard deviation of the mean
life's gistripution is:

(]

2530
s

= 368 hr (25

7
av

wn

Using £g9. ¢23), the estimate of the transmissicn's
mean life with a 90-percent confidence is:

lay 30 = 3990 - 1.282(368) = 3520 hr  (I6)

Number of Replacements

The renewal function serves to estimate the
number cf compcnents one needs to support the main-
tenance pattern. Consider bearing number one in the
single mesh transmission of Fig. 8 and Table t. It
is desired to determine the number of replacements
required at any given time with 90-percent confi-
dence for a sample of 50 aircraft.

From Table 1, the average life is
2ay = 1t 200 nr ard the standard deviation is
of = 13 560 hr. The renewa! function frcm Eq. (17D
is:

L 05 2000% - (13 360)°
'6 200 2016 200)°

M (2) =
2

2
= 76200 ~ 7.15%0 «Qn

From Eq. (22), the total number of replacements from
0O hr to a life of 2 is:

e 2
Nr = 50<m - 0]50) - 32—4 - 7.5

From Eg. (19) or Fig. 7, the third moment of the
bearing 1ife distribution is w3 = 1.697x10'3 hrd,
From Eg. (18), the standard deviation of the renewal
function for bearing one is:

- (16 200

72

15 +0.1038) 29

ro

Frem £9. (21), the standard dJeviation of the numoer
ST repiacements is:

oy LA 2
= T, 3103 - - .
I = ¢D(23 753 *+ U 038) =i 3.19)
30
With a 30-percent :onfigence that ine regiicement
#1101 e “ess, the replacement 2stimate for cearing
one from zaro to life 1 using £3. ‘24 f;
P2
l P . 1 CT .
= 7 —_ - [ B
V,‘;r = 33 - 13- "282&462 « 5.13, 31y

A5 in e«ampl2, ‘ev us use this informaticn o
determine the numoer cf repiacements -~equired for
bearing 2ne if the 50 aircraft are tC operate up to
L = 10 3C0 Ar. Note that if¥ -~2newal tnecry is nct
used, the orapbanitiity oFf fai’yre from £3. (1) i3
F = 0.1 “or pearing cne at 2 = 10 200 rr.  This
wculd 210 to 50¢J.41) = 21 pearing raguired. This
method implies that bearings “or 21 aircraft have
faiied ang these aircraft are no 'onger in servica.
The renewal theory methcd. nowever, implies that the
failed oearings are repiaced and *hese airzraft are
put back in service. Ffor 2 = 12200 hr, Ig. <31
estimates the needa for 30 bearings ¢ suppor:t the
overhaul needs of the 50 aircraft, compared to 21
using oniy tne Weibull failure distriouticn.

Summary of Results

A method to estimate the freguency cf transmis-
sion overhauls was presented. A second method was
presented tc estimate *the number of raplacement Zom-
ponents needed to support the transmission overhaul
pattern. Confidence statistics were apciied with
both methcds to imorove the statistical estimate of
sample behavior.

The method to predict overhaul freguency i3
based on a two-parameter Weibull system iife
model. “he relationship between the 3sstem iife
mode! and the component |ife models w~as presented.
In addition, formulas “or the mean and standard
deviation of the two-parameter Heibul! distribution
were given.

Renewal theory was presented as 31 tcol to esti-
mate :he number of component replacements in a
transmission. Approximation formulas were given
for the mean angd standard deviations >f the renewal
function. These approximations are valid for the
iwo-parameter Weibull distribution. Formulas for
sample replacement rates were given in terms of the
renewal function.




Single :ijed confidence tneory was oresented

for the svernaul fraguency and -he -ompenent

replacement
#as 1150 Jrasent2q -3 O
metnods.

A -ransmission 2«ample
the uyse Of the
“raquency ang CCMpo-

'at2 2ctTimates.
fustrate
“ransmission overnadi

nent repiacament :aicuylations were 'ncluced in the
a2xanple.
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FIGURE 1. - CHARACTERISTIC LIFE TO 90-PERCENT RELIA-
BILITY LIFE RATIO FOR A WEIBULL DISTRIBUTION AS A

FUNCTION OF THE WEIBULL SLOPE.
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LIFE RATIO FOR A WEIBULL DISTRIBUTION AS A FUNC-
TION OF THE WEIBULL SLOPE,
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FIGURE 4, - STANDARD DEVIATION TO 90-PERCENT RELIA-
BILITY LIFE RATIO FOR A WEIBULL DISTRIBUTION AS A
FUNCTION OF THE WEIBULL SLOPE.
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WEIBULL DISTRIBUTION WITH © = 5000 HOURS AND
b=1.5.
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FIGURE 6. - RENEWAL FUNCTION STANDARD DEVIATION FOR

A TWO-PARAMETER WEIBULL DISTRIBUTION WITH 6 = 5000
HOURS AND b = 1.5.
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TION OF THE WEIBULL SLOPE.
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FIGURE 8. - SINGLE MESH TRANSMISSION EXAMPLE.
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